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An Omori-Yau maximum principle for semi-elliptic operators
and Liouville-type theorems
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Abstract. We generalize the Omori-Yau almost maximum principle of the Laplace-Beltrami oper-
ator on a complete Riemannian manifold M to a second-order linear semi-elliptic operator L with
bounded coefficients and no zeroth order term.
Using this result, we prove some Liouville-type theorems for a real-valued C2 function f on M
satisfying Lf ≥ F (f) + H(|∇f |) for real-valued continuous functions F and H on R such that
H(0) = 0.
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1. Introduction
Let (M,g) be a smooth complete Riemannian manifold of dimension n. A second-order
linear differential operator L : C∞(M)→ C∞(M) without zeroth order term can be written
as
(1.1) Lf = Tr(A ◦ hess(f)) + g(V,∇f),
where A ∈ Γ(End(TM)) is self-adjoint with respect to g, hess(f) ∈ Γ(End(TM)) is the
Hessian of f in the form defined by hess(f)(X) = ∇X∇f for X ∈ Γ(TM), and finally
V ∈ Γ(TM). In this article, we will deal with the semi-elliptic case, i.e. A is positive
semi-definite at each point, and we always assume that
(1.2) sup
M
Tr(A) + sup
M
|V | <∞.
The purpose of this paper is to show that such a operator L shares important properties
with the Laplace-Beltrami operator ∆, particularly Omori-Yau almost maximum principle
and Liouville-type theorems for subharmonic functions.
To state our main theorem, we need the following definitions.
Definition 1.3. Let u be a real-valued continuous function on M and let a point p ∈M .
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• a function u is called proper, if the set {p : u(p) ≤ r} is compact for every real
number r.
• a function v defined on a neighborhood Up of p is called an upper-supporting function
for u at p, if the conditions v(p) = u(p) and v ≥ u hold in Up.
Definition 1.4. A proper continuous function u :M → R is called an L-tamed exhaustion,
if the following condition holds:
(1) u ≥ 0.
(2) At all points p ∈ M it has a C2-smooth, upper-supporting function v at p defined
on an open neighborhood Up such that |∇v|p| ≤ 1 and Lv|p ≤ 1.
Once there is an L-tamed exhaustion, it easily follows that another L-tamed exhaustion
can be chosen so that its local upper-supporting functions v satisfy |∇v| ≤ 1 and Lv ≤ 1
not just at one point p but also on its whole Up.
1 The existence of an L-tamed exhaustion
function on a complete Riemannian manifold is guaranteed if certain curvature conditions
are satisfied. For instance,
Theorem 1.5. (H.L. Royden [16, Proposition 2]) Every complete Riemannian manifold
with its sectional curvature bounded below admits an L-tamed exhaustion function.
When L is the Laplace-Beltrami operator ∆, a stronger result holds. K.-T. Kim and H.
Lee [8] have shown that a ∆-tamed exhaustion function exists if the Ricci curvature Ric
satisfies
Ric(∇r,∇r) ≥ −Bρ(r)(1.6)
for some constant B > 0, where r is the distance from an arbitrarily fixed point in M and
a smooth nondecreasing function ρ(r) on [0,∞) satisfies
ρ(0) = 1,
∫
∞
0
1√
ρ(t)
dt =∞,(1.7)
ρ(2k+1)(0) = 0 ∀k ≥ 0, lim sup
t→∞
tρ(
√
t)
ρ(t)
<∞.(1.8)
For example, if
Ric(∇r,∇r) ≥ −B r2(log r)2(log(log r))2 · · · (logk r)2
for r ≫ 1, a ∆-tamed exhaustion always exists.
1For example, given an L-tamed exhaustion u, one can just take u
2
. Then at each point p, v
2
can be
used for an upper-supporting function which satisfies that |∇ v
2
|p| ≤
1
2
and L( v
2
)|p ≤
1
2
. Thus by taking Up
smaller (if necessary), one can achieve |∇ v
2
| ≤ 1 and L( v
2
) ≤ 1 on each Up.
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A. Ratto, M. Rigoli, and A. Setti [15] showed that if the above Ricci curvature condition
(1.6) holds, then for every real-valued C2 function f on M which is bounded above, there
exists a sequence {pk} on M such that
lim
k→∞
|∇f(pk)| = 0, lim sup
k→∞
∆f(pk) ≤ 0, and lim
k→∞
f(pk) = sup
M
f.
This property is the well-known Omori-Yau almost maximum principle for the Laplacian,
which was first proven by H. Omori [11] and S.T. Yau [19] when the Ricci curvature is
only bounded below. K.-T. Kim and H. Lee [8] showed the above maximum principle
holds whenever there exists a ∆-tamed exhaustion. We will prove the analogous maximum
principle for the above semi-elliptic operator L also holds whenever there exists an L-tamed
exhaustion by following their method in [8].
L.J. Alias, D. Impera, and M. Rigoli also proved a generalized Omori-Yau maximum prin-
ciple for L, when the sectional curvature K satisfies
K(Σ) ≥ −Bρ(r)(1.9)
for any tangent 2-plane Σ containing ∇r, where B > 0 is a constant, r is the distance from
an arbitrarily fixed point in M , and ρ(r) is as in (1.7, 1.8). (For a proof, see [1, Corollary
3] which is actually stated for L with no first order terms but can be trivially extended to
the general L.) It remains as a natural question whether the condition (1.9) implies the
existence of an L-tamed exhaustion.
Recently A. Borbe´ly [2] proved that the Omori-Yau maximum principle for ∆ holds without
(1.8) in Ratto-Rigoli-Setti’s condition. The relation between A. Borbe´ly’s condition and the
existence of ∆-tamed exhaustion also remains for further study.
Now come applications. One of main applications of the Omori-Yau maximum principle is
a generalized Liouville-type theorem which gives a condition for the a priori boundedness of
solutions of Laplace-type differential inequalities. This idea has originated from Cheng and
Yau [3], and been further extended by [15], [4], [17], etc. We can now extend the results of
[17] to our semi-elliptic operator L.
Theorem 1.10. Let M be a smooth complete Riemannian manifold admitting an L-tamed
exhaustion function. Suppose that a C2 function f : M → R is bounded below and satisfies
Lf ≥ F (f)+H(|∇f |) for real-valued continuous functions F and H on R such that H(0) =
0.
(1) If lim infx→∞
F (x)
xν
> 0 for some ν > 1, then f is bounded such that F (sup f) ≤ 0.
(2) If lim infx→∞
F (x)
xν
≤ 0 for any ν > 1, then sup f = ∞ or f is bounded such that
F (sup f) ≤ 0.
Theorem 1.11. Let M be as in Theorem 1.10. Suppose that a C2 function f : M → R is
bounded above and satisfies Lf ≥ F (f) +H(|∇f |) for F and H as in the above theorem.
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(1) If lim infx→−∞
F (x)
(−x)ν > 0 for some ν ≤ 1, then f is bounded such that F (inf f) ≤ 0.
(2) If lim infx→−∞
F (x)
(−x)ν ≤ 0 for any ν ≤ 1, then inf f = −∞ or f is bounded such that
F (inf f) ≤ 0.
As a corollary, we give a semi-elliptic generalization of Liouville’s theorem stating that any
f ∈ C2(R2) which is subharmonic (∆f ≥ 0) and bounded above must be constant.
Corollary 1.12. Let M be as in Theorem 1.10.
(1) There exits no f ∈ C2(M) which is bounded above and Lf ≥ c for a constant c > 0.
(2) Any f ∈ C2(M) which is non-positive and satisfies Lf ≥ c|f |d for some positive
constants c and d must be identically zero.
Remark 1.13. Theorem 1.10 and 1.11 can be easily extended to any linear second-order
semi-elliptic operator
L+ h,
for h ∈ C∞(M) just by considering Lf ≥ F (f)− hf +H(|∇f |).
There are many other conditions under which the Omori-Yau maximum principle holds, and
also lots of Liouville-type theorems for a variety of subharmonic functions. For instance,
the readers may be referred to [6, 7, 9, 10, 12, 13, 14, 18, 20, 21], and references therein.
2. Generalized Omori-Yau maximum principle
Theorem 2.1. Let M be a smooth complete Riemannian n-manifold admitting an L-tamed
exhaustion function. Then for every real-valued C2 function f on M which is bounded
above, there exists a sequence {pk} on M satisfying the following properties:
lim
k→∞
|∇f(pk)| = 0, lim sup
k→∞
Lf(pk) ≤ 0, and lim
k→∞
f(pk) = sup
M
f.
Proof. The proof is similar to the method in the article [8], which uses a sequence of compact-
supported approximations of f , which obviously attain their maximums. Without loss of
generality, we may assume that supM f > 0 by adding some positive constant. Take an
L-tamed exhaustion function u.
Now, we choose a point p ∈M such that f(p) > 0. For each ǫ > 0, let
Xǫ = {x ∈M |u(x) < 1
ǫ
}.
Then Xǫ forms an increasing sequence of open subsets of M and each closure Xǫ gives rise
to a compact exhaustion of M as ǫ ↓ 0.
Taking a positive constant r such that p ∈ Xr. The continuous function
(1− ru(x))f(x)
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vanishes on the boundary of Xr. Since (1 − ru(p))f(p) > 0, and since Xr is compact, the
function (1 − ru)f attains its maximum value in the set Xr, say at pr ∈ Xr, respectively.
It is obvious that the maximum value is positive. From now on, we fix r.
Let ǫ be any positive constant smaller than r. Then p ∈ Xr ⊂ Xǫ and
(1− ǫu(p))f(p) ≥ (1− ru(p))f(p) > 0.
In the same way, the function (1 − ǫu)f attains a positive maximum value in the set Xǫ,
say at pǫ ∈ Xǫ.
Since A, in the notation (1.1), is symmetric, it is diagonalizable at each point in an or-
thonormal basis, so we can take a normal coordinate (x1, · · · , xn) around pǫ ∈M such that
A at pǫ is represented as a diagonal matrix, and hence
(2.2) Lh|pǫ =
∑
l
all(pǫ)
∂2
∂x2l
h|pǫ +
∑
l
al(pǫ)
∂
∂xl
h|pǫ ,
for a real-valued function h on M , where each all(pǫ) is nonnegative, and the entries all(pǫ)
and |al(pǫ)| are bounded above as pǫ varies by (1.2). For a notational convenience, let’s
introduce locally-defined differential operators
(2.3) ∇˜ := (a11(pǫ) ∂
∂x1
, · · · , ann(pǫ) ∂
∂xn
) and ∇˜1 := a1(pǫ) ∂
∂x1
+ · · · + an(pǫ) ∂
∂xn
,
and put dl = all(pǫ) and el =
√
n|al(pǫ)| for 1 ≤ l ≤ n.
If h has an extremal value at point pǫ,
Lh|pǫ =
∑
l
all(pǫ)
∂2
∂x2l
h|pǫ .
Furthermore, if a real-valued function AB on M has an extremal value at pǫ, then one can
obtain
(2.4) L(AB)|pǫ = (LA|pǫ − ∇˜1A|pǫ)B(pǫ) + 2∇˜A|pǫ · ∇B|pǫ +A(pǫ)(LB|pǫ − ∇˜1B|pǫ).
Note that ∇˜A|pǫ · ∇B|pǫ = ∇A|pǫ · ∇˜B|pǫ.
We may assume that d1 and e1 are the largest of {d1, · · · , dn} and {e1, · · · , en} respectively.
Consider a C2 upper-supporting function v : U → R for u at pǫ, where U is an open
neighborhood of pǫ. Then we get
|∇˜v|pǫ | ≤ d1, |∇˜1v|pǫ | ≤ e1, and Lv|pǫ ≤ 1.
By taking U further small, we may assume that U ⊂ Xǫ and f is positive on U , since
f(pǫ) > 0. For every x ∈ U ,
(1− ǫv(x))f(x) ≤ (1− ǫu(x))f(x) ≤ (1− ǫu(pǫ))f(pǫ) = (1− ǫv(pǫ))f(pǫ).
Since pǫ is a local maximum point of (1− ǫv)f , we get
∇[(1− ǫv)f ]|pǫ = ∇˜[(1 − ǫv)f ]|pǫ = ∇˜1[(1 − ǫv)f ]|pǫ = 0.
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By a simple calculation, we have
(1− ǫv(pǫ))|∇˜f(pǫ)| = ǫ|∇˜v(pǫ)|f(pǫ) ≤ ǫd1(sup
M
f).
From v(pǫ) = u(pǫ), we get
(1− ǫu(pǫ))|∇˜f(pǫ)| ≤ ǫd1(sup
M
f).
Also, because Xr ⊂ Xǫ, we have
(1− ǫu(pr))f(pr) ≤ (1− ǫu(pǫ))f(pǫ).
This implies that
(1− ru(pr))f(pr)|∇˜f(pǫ)| ≤ (1− ǫu(pr))f(pr)|∇˜f(pǫ)| ≤ (1− ǫu(pǫ))f(pǫ)|∇˜f(pǫ)|
≤ f(pǫ)ǫd1(sup
M
f) ≤ ǫd1(sup
M
f)2.
So, we conclude that
|∇˜f(pǫ)| ≤ ǫ d1(supM f)
2
(1− ru(pr))f(pr) .
Note that K := d1(supM f)
2
(1−ru(pr))f(pr)
is a positive constant independent of ǫ with ǫ < r. Therefore,
we obtain
lim
ǫ→0
|∇˜f(pǫ)| = 0.
By the same method as above, we have
|∇f(pǫ)| ≤ ǫ (supM f)
2
(1− ru(pr))f(pr) and |∇˜1f(pǫ)| ≤ ǫ
e1(supM f)
2
(1− ru(pr))f(pr)
Therefore, we get
lim
ǫ→0
|∇f(pǫ)| = 0 and lim
ǫ→0
|∇˜1f(pǫ)| = 0.
Now we prove
lim sup
ǫ→0
Lf(pǫ) ≤ 0.
Since pǫ is a local maximum point of (1− ǫv)f , we have L((1− ǫv)f) ≤ 0 at point pǫ. Using
the formula (2.4),
[L((1− ǫv)f)]|pǫ = −ǫLv|pǫf(pǫ) + ǫ∇˜1v|pǫf(pǫ)− 2ǫ∇v|pǫ · ∇˜f |pǫ + (1− ǫv(pǫ))Lf |pǫ
−(1− ǫv(pǫ))∇˜1f |pǫ
≤ 0.
Hence
(1− ǫv(pǫ))Lf |pǫ ≤ 2ǫ∇v|pǫ · ∇˜f |pǫ + ǫLv|pǫf(pǫ)− ǫ∇˜1v|pǫf(pǫ) + (1− ǫv(pǫ))∇˜1f |pǫ
≤ ǫ(2|∇˜f |pǫ|+ sup
M
f + e1 sup
M
f) + |∇˜1f |pǫ |(1− ǫv(pǫ))
≤ ǫ(2ǫK + sup
M
f + e1 sup
M
f) + |∇˜1f |pǫ|(1 − ǫv(pǫ)).
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Since 1− ǫu(pǫ) = 1− ǫv(pǫ) > 0, we get
Lf |pǫ ≤ ǫ
(2ǫK + supM f + e1 supM f)
(1− ǫu(pǫ)) + |∇˜1f |pǫ|.
As above, we obtain
Lf |pǫ ≤ ǫ
(2ǫK + supM f + e1 supM f)(supM f)
(1− ǫu(pǫ))f(pǫ) + ǫ
e1(supM f)
2
(1− ru(pr))f(pr)
≤ ǫ(2ǫK + supM f + e1 supM f)(supM f)
(1− ru(pr))f(pr) + ǫ
e1(supM f)
2
(1− ru(pr))f(pr) .
Therefore, we conclude that there is a positive constant C independent of ǫ such that
Lf |pǫ ≤ Cǫ.
It only remains to show that limǫ→0 f(pǫ) = supM f.
Let η be any positive constant such that supM f > η. We may choose a point q ∈ M such
that f(q) > supM f − η2 . Also choosing a positive constant ǫ with ǫ < r such that q ∈ Xǫ
and ǫu(q)f(q) ≤ η2 , we get
(1− ǫu(pǫ))f(pǫ) ≥ (1− ǫu(q))f(q) ≥ sup
M
f − η.
Since 0 < 1− ǫu(pǫ) < 1, we have
f(pǫ) ≥ supM f − η
1− ǫu(pǫ) > supM
f − η,
completing the proof.

Remark 2.5. L.J. Alias, D. Impera, and M. Rigoli used their generalized Omori-Yau maxi-
mum principle to obtain certain estimates of higher order mean curvatures of hypersurfaces
in some warped product spaces, and D. Impera [5] similarly obtained such estimates for
spacelike hypersurfaces in Lorentzian manifolds.
3. Proof of Theorem 1.10
We follow the idea of [4, 17]. We may choose a constant a such that f +a > 0, because f is
bounded below. Let G :M → R+ be a C2 function defined by G = (f + a) 1−q2 where q > 1
is a constant.
Since G is bounded below, Theorem 2.1 implies that for any δ > 0 there exists a point
pǫ ∈M such that
(3.1) |∇G(pǫ)| < δ, |∇˜G(pǫ)| < δ, LG(pǫ) > −δ, and inf G+ δ > G(pǫ),
where ∇˜ is defined by (2.3). Note that G(pǫ)→ inf G and f(pǫ)→ sup f as δ → 0.
By a direct calculation,
(3.2) ∇˜G|pǫ = (
1− q
2
)G(pǫ)
q+1
q−1 ∇˜f |pǫ.
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Lemma 3.3.
(3.4) LG|pǫ = −(
q + 1
2
)G(pǫ)
2
q−1∇G|pǫ · ∇˜f |pǫ + (
1− q
2
)G(pǫ)
q+1
q−1Lf |pǫ .
Proof. By (2.2), evaluating LG at pǫ, we have
LG|pǫ =
∑
l
all(pǫ)
∂2
∂x2l
G|pǫ +
∑
l
al(pǫ)
∂
∂xl
G|pǫ , where 1 ≤ l ≤ n.
By a simple calculation, one gets
∑
l
all(pǫ)
∂2
∂x2l
G|pǫ = −(
q + 1
2
)G(pǫ)
2
q−1∇G|pǫ ·∇˜f |pǫ+
∑
l
all(pǫ)(
1− q
2
)(f(pǫ)+a)
−1−q
2
∂2
∂x2l
f |pǫ
and ∑
l
al(pǫ)
∂
∂xl
G|pǫ =
∑
l
al(pǫ)(
1 − q
2
)(f(pǫ) + a)
−1−q
2
∂
∂xl
f |pǫ.
This yields the desired equality. 
By plugging (3.2) to (3.4), we have
(
1− q
2
)G(pǫ)
2q
q−1Lf |pǫ = G(pǫ)LG|pǫ − (
q + 1
q − 1)∇G(pǫ) · ∇˜G(pǫ).
Applying (3.1) gives
(3.5) (
1− q
2
)G(pǫ)
2q
q−1Lf |pǫ > G(pǫ)(−δ) − (
q + 1
q − 1)δ
2.
Applying Lf ≥ F (f) +H(|∇f |) and replacing G by (f + a) 1−q2 , we have
(3.6)
F (f(pǫ)) +H(|∇f(pǫ)|)
(f(pǫ) + a)q
< (
2δ
q − 1)
1
(f(pǫ) + a)
q−1
2
+
2(q + 1)
(q − 1)2 δ
2.
Assume that sup f <∞. Then as δ → 0, since ∇G|pǫ → 0, G is bounded below by a positive
constant, and
∇G|pǫ = (
1− q
2
)G(pǫ)
q+1
q−1∇f |pǫ,
we have H(|∇f(pǫ)|) → 0. Also, the RHS of (3.6) converges to 0 while the LHS of (3.6)
converges to F (sup f)(sup f+a)q as δ → 0. Thus, we get F (sup f) ≤ 0.
Finally, it remains to show that when lim infx→∞
F (x)
xν
> 0 for some ν > 1, f must be
bounded. Assume to the contrary that sup f =∞. Then for q < ν, the RHS of (3.6) con-
verges to 0, while the LHS of (3.6) diverges to ∞ as δ → 0. This is a desired contradiction,
which completes the proof.
An Omori-Yau maximum principle for semi-elliptic operators 9
4. Proof of Theorem 1.11
We again follow the idea of [4, 17]. Since −f is bounded below, we can apply the proof of
Theorem 1.10 to −f with q < 1. By the inequality (3.5), we get
(
1− q
2
)G(pǫ)
2q
q−1L(−f)|pǫ > G(pǫ)(−δ) −
|q + 1|
|q − 1|δ
2.
Applying Lf ≥ F (f) +H(|∇f |), we have
F (f(pǫ)) +H(|∇f(pǫ)|)
(−f(pǫ) + a)q ≤
Lf(pǫ)
(−f(pǫ) + a)q < (
2δ
1− q )
1
(−f(pǫ) + a)
q−1
2
+
2|q + 1|
(q − 1)2 δ
2.
By a simple calculation,
(4.1)
F (f(pǫ)) +H(|∇f(pǫ)|)
(−f(pǫ) + a)
q+1
2
<
2δ
1− q +
2|q + 1|
(q − 1)2 δ
2(−f(pǫ) + a)
q−1
2 .
By the same method as above, we get H(|∇f(pǫ)|) → 0. If inf f > −∞, then F (inf f) ≤ 0
as δ → 0.
Now it only remains to show that if lim infx→−∞
F (x)
(−x)ν > 0 for some ν ≤ 1, then f is
bounded. Let’s assume that to the contrary inf f = −∞. By taking q such that q+12 < ν
and letting δ → 0, the RHS of (4.1) converges to 0 while the LHS of (4.1) diverges to ∞.
This is a contradiction completing the proof.
5. Proof of Corollary 1.12
Suppose that f is bounded above and satisfies Lf ≥ c > 0 for a constant c. Applying
Theorem 1.11 with F = c and H = 0, one conclude that f is bounded and F (inf f) ≤ 0.
This is contradictory to F ≡ c > 0.
For a proof of Corollary 1.12 (2), applying Theorem 1.11 with F (f) = c|f |d, it follows that
f is bounded and c| inf f |d ≤ 0 implying f ≡ 0.
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